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I.   Introduction 
 LIFTING-LINE theory [1,2] is the foundation for much of our understanding of finite-wing aerodynamics. 
Solutions based on lifting-line theory are widely accepted and have been shown to be in good agreement with CFD 
[3-10]. From Prandtl’s analytic solution to the classical lifting-line equation [1,2], the wing section-lift distribution 


























where b is the wingspan, L
~
 is the local wing section lift, L is the total wing lift, z is the spanwise coordinate, and nB  
are the Fourier coefficients. For any given planform, the twist distribution required to produce this lift distribution can 
also be obtained using Prandtl’s lifting-line equation [12]. In steady level flight, L is equal to the weight, W, and the 



























where   is the air density and  V  is the freestream airspeed.  
 For any fixed weight and wingspan, Eq. (2) is minimized by using 0nB  for all 2n . This yields the elliptic lift 
distribution. However, Eq. (2) shows that the induced drag can also be reduced by decreasing weight and/or increasing 
the wingspan. The wingspan cannot be increased arbitrarily because as the wingspan increases, the weight of the wing 
structure required to support the bending moments also increases. Certain non-elliptic lift distributions can reduce the 
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wing bending moments and allow a larger wingspan than that allowed by the elliptic lift distribution for the same 
wing-structure weight. Therefore, there exists some optimum wingspan, wing-structure weight, and lift distribution 
that minimizes induced drag. 
 In 1933 [13], Prandtl identified a bell-shaped lift distribution having 313 B  and 0nB  for all 3n  that 
minimizes induced drag with a 22.5% increase in wingspan and an 11.1% reduction in induced drag over the elliptic 
lift distribution. Prandtl noted that this lift distribution corresponds more closely to that produced by “spitzendigen 
Flügel” [13] (which can be translated as “pointed-end wings” or “tapered wings”) than to the elliptic lift distribution. 
Therefore, he concluded that “tapered wings have an advantage over those with a nearly rectangular profile” [13,14]. 
In terms of the profile drag, Prandtl’s conclusions are not surprising, since tapered wings generally produce less profile 
drag than rectangular wings with the same lift distribution. However, Prandtl did not include the effects of profile drag 
in his analysis [13,14]. Moreover, Prandtl assumed that the section bending moments, )(
~
zMb , are related to the section 
wing-structure weight, )(
~













  (3) 
This assumption corresponds only to rectangular planforms [13,14]. Therefore, Prandtl’s claim, as it relates to induced 
drag of tapered wings, was not proven by his 1933 results [13].  
Many relevant studies have been published since 1933 for various wing configurations [11,15-29], including box 
wings [15] and multi-wing systems [16,17]. Several of these publications [17,24-28] follow an analytic approach 
similar to Prandtl’s [13] but do not include the effect of the chord distribution on the wing-structure weight. In fact, it 
appears that no analytic proof of Prandtl’s conclusion, including structural and planform effects, has ever been shown. 
However, Phillips et al. [11] recently derived an expression for the wing-structure weight that includes the effects of 
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where ctmax  is the local thickness-to-chord ratio and max is the maximum allowable stress,   is the specific weight, 
I is the moment of inertia, h is the height, and A is the cross-sectional area of the local wing-structure cross section. If 
the net weight of all non-structural elements carried in the wing, )(
~























then the bending-moment distribution, )(
~

















WzM   (7) 







































  (8) 
and nm and ng are the maneuvering-flight and hard-landing load limits, respectively. Equations (4) and (7) can be used 
with Eq. (2) to identify the wingspan, lift distribution, and wing-structure weight that minimize induced drag, including 
the effects of the chord distribution. However, in order to obtain analytic results, Phillips et al. [11,29] considered 
only the rectangular planform, for which bS  is constant.  
 In light of Prandtl’s observations about tapered wings, in this paper, we will extend the work of Phillips et al. 
[11,29] to elliptically-tapered wings and linearly-tapered wings, including the effects of the chord distribution on the 
wing structure. As will be shown, the results in this paper support Prandtl’s conclusions [13,14].  
 
II.  Elliptically-Tapered Planforms 
 For a non-rectangular wing with wing area S, the wing-structure weight from Eq. (4) can be rewritten as 



















W  (9) 




 maxmax )( cctCSb   (10) 






































  (12) 
For any spanwise-symmetric lift distribution ( 0nB  for all even n), Eq. (12) can be rewritten using Eq. (1) and 































 Variations in wingspan and/or wing-structure weight can affect the aspect ratio and/or the wing loading, W/S, 
which, in turn, affect the airspeed and performance characteristics of the wing. These characteristics are generally 
more sensitive to W/S than to the aspect ratio [30]. Therefore, it is convenient to fix W/S based on airspeed and 
performance requirements [11]. Using Eq. (6), Eq. (10), and the relation bSc  , Eq. (13) can be rewritten in terms 
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The net weight, Wn, of all non-structural elements is typically fixed. Using the relation sn WWW   and Eq. (14) in 






























































































































  (16) 





  (17) 
which matches the optimum wing-structure weight for a rectangular wing [29]. Using Eqs. (16) and (17) in Eq. (15) 

















































































III. Linearly-Tapered Planforms 
















Using Eqs. (7) and (19) in Eq. (9) gives 
































































































































































For 1TR , Eq. (22) can be evaluated numerically. Values of nC  obtained computationally for linearly-tapered wings 
having 10  TR  are given in Ref. [31]. For the triangular planform ( 0TR ), L’hospital’s rule must be used. For 
rectangular wings ( 1TR ), Eq. (22) can be evaluated analytically to give 1631 CC  [11]. 
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   (25) 





  (26) 
which is identical to Eq. (17). Thus, for all of the planforms and constraints considered here, the optimum wing-
structure weight is 2nW , regardless of the degree of taper. Using Eq. (25) in Eq. (24) gives the minimum induced 
drag for a linearly-tapered wing with fixed Wn and fixed W/S, i.e., 
 
 





















































Comparing Eqs. (18) and (27) to Eq. (27) with RT = 1, the ratio of minimum induced drag produced by the elliptically-











































































































The corresponding wingspan ratio can be found using Eqs. (16) and (25), i.e.,  
 






























































































Solutions to Eq. (22) show that Eqs. (28) and (29) are most heavily influenced by B3 [31]. Therefore, to understand 
how Eqs. (28) and (29) vary with lift distribution, it is useful to consider the case where 0nB  for all 3n . For this 
case, the variation in Eqs. (28) and (29) with 3B  in the range 031 3  B  is shown in Fig. 1 for the elliptically-
tapered planform and linearly-tapered planforms having 10  TR . Note that if 313 B , the lift distribution is 
negative near the wingtips, which creates a negative bending moment and zero wing-structure weight at some spanwise 
location. This is not physically valid. Therefore, we only consider all-positive lift distributions, for which 313 B . 
This is consistent with the optimum induced-drag conditions shown by Demasi et al. [16].  
 
 
Fig. 1 Ratio of minimum induced drag and optimum wingspan for the elliptic planform and linearly-tapered 
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 Regardless of taper ratio, Eq. (28) is minimized using Prandtl’s 1933 lift distribution ( 313 B ). However, as 
the taper ratio decreases, the effect of B3 on Eq. (28) increases. Therefore, for this case, the induced-drag ratio is 
minimized using the triangular planform ( 0TR ), which, at 313 B , produces 24.44% less induced drag than the 
rectangular planform, with a wingspan increase of 15.04% and an aspect-ratio increase of 32.34%. Thus, Prandtl’s 
argument that “tapered wings have an advantage over those with a nearly rectangular profile” [13,14] holds when 
the effects of taper on wing-structure weight are taken into account for all of the lift distributions considered here, 
with the greatest advantage at 313 B . However, in general, the lift distribution that gives an absolute minimum in 
induced drag is a function of all Bn. This lift distribution is shown in Fig. 2 for the elliptically-tapered planform and 
linearly-tapered planforms with 10  TR .  
  
 
Fig. 2 Solutions and B3 values for the lift distributions that minimize induced drag for an elliptic planform and 
linearly-tapered planforms with 10  TR .  
 
 The results in Fig. 2 were obtained using the Broyden-Fletcher-Goldfarb-Shanno (BFGS) [32-35] method with 
odd Bn values up to n = 29. The nB  values for each optimum lift distribution are given in Ref. [31]. The induced drag 
is most heavily influenced by the coefficient B3 [31]. Therefore, Fig. 2 also includes the B3 value corresponding to 
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normalized lift distribution (c) produced by an untwisted linearly-tapered wing with aspect ratio 8 and 0TR  are also 
included for reference.  
 The optimum lift distributions in Fig. 2 are all very similar to the lift distribution produced by an untwisted 
linearly-tapered wing with 0TR , regardless of the degree of taper. This supports Prandtl’s observation that the lift 
distribution that minimizes induced drag is similar to that produced by a tapered wing [13,14]. When compared to the 
optimum solution for the elliptic lift distribution, these lift distributions give reductions in induced drag between 4.25% 
for the rectangular planform and 5.94% for the triangular planform ( 0TR ). For the triangular planform, the optimum 
solution has a 7.63% larger wingspan than that corresponding to the elliptic lift distribution and a 15.85% higher 
aspect ratio. Thus, Prandtl’s argument for tapered wings [13,14] holds not only when the lift distribution is fixed, but 
also when the lift distribution is optimized for each planform.   
 It should be noted that lifting-line theory does not account for all effects of leading- or trailing-edge sweep 
resulting from low taper ratios. However, as the taper ratio decreases, Eq. (25) predicts an increase in wingspan and 
taper ratio, resulting in small leading- and trailing-edge sweep angles. Therefore, for the solutions presented in this 
paper, the approximations associated with lifting-line theory are sufficiently accurate.  
 It should also be remembered that wings with low taper ratios often exhibit wingtip stall, which can create serious 
handling problems during stall recovery. Nevertheless, the results presented here provide important insight into the 
aerodynamic and structural coupling involved in designing a wing for minimum induced drag and may shed light on 
why many high-endurance birds have low-taper-ratio wings. 
V. Conclusions 
  For a wing in steady level flight, the lift distribution that minimizes induced drag depends on a tradeoff between 
wingspan and wing-structure weight. In 1933, Prandtl suggested that tapered wings have an advantage over rectangular 
wings due to this tradeoff. However, Prandtl’s solutions were obtained using assumptions that correspond to 
rectangular wings. Therefore, his claim was not analytically proven by his 1933 publication. Here, an approach similar 
to Prandtl’s has been presented with more general approximations that apply to wings of arbitrary planform. Closed-
form solutions for the optimum wingspan, wing-structure weight, and corresponding minimum induced drag have 
been presented for wings having elliptic and linearly-tapered planforms with constraints of fixed wing loading and 
maximum stress. It has been shown that for the planforms considered here, the optimum wing-structure weight is 
Taylor and Hunsaker 
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always one-half the net weight, regardless of the degree of taper, and that induced drag is minimized with a triangular 
planform, which gives a reduction in induced drag of up to 24.44% over the rectangular planform. Thus, Prandtl’s 
conclusions hold when the effects of the planform shape are considered. Numerical solutions for the lift distributions 
that minimize induced drag for each planform have also been presented. It has been shown that the optimum lift 
distribution produces up to 5.94% less induced drag than the elliptic lift distribution when the triangular planform is 
used and that for the planforms considered here, the optimum lift distribution is nearly independent of the degree of 
taper.   
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